We study the Coulomb interaction-induced Aharonov-Bohm (AB) oscillations in the linear response transport through a remote quantum dot which has no tunnel coupling but has Coulomb coupling with the quantum dot embedded in an AB interferometer. We show that the Coulomb interaction-induced AB effect is characterized by a charge susceptibility of a remote quantum dot in a weak interaction regime. In a strong but finite interaction regime, around the particle-hole symmetric point, there exists the region where the visibility of the induced AB oscillations becomes one although the visibility of the original AB oscillations in the interferometer is low.
I. INTRODUCTION
Probing and manipulating quantum phase coherence are the heart of quantum information processes, and have long been studied for various mesoscopic systems 1 . One of the most powerful techniques to detect quantum phase coherence is to measure the phase difference using the Aharonov-Bohm (AB) effect 2, 3 . Recently the AB oscillations of the tunneling current through the quantum dot (QD) systems have been observed experimentally 3,4 . Sánchez et al. have shown that the Coulomb interaction causes the magnetic field dependence in the transport properties of electrons which are not directly affected by a magnetic field 5 .
In this paper, we study the Coulomb interaction-induced AB oscillations in the linear conductance through a remote QD (RQD), which has no tunnel coupling with the QD embedded in an AB interferometer (ABI). Here "Coulomb interaction-induced" means that electrons through the RQD do not acquire the AB phase directly and are affected only by capacitive coupling between the RQD and the QD embedded in the ABI. As a result, the transport properties through the RQD show the oscillations with respect to the magnetic flux threading through the ABI. Using an electronic Mach-Zehnder interferometer, such system had experimentally been realized 6 . In particular, we investigate the visibility of Coulomb interaction-induced AB oscillations for weak and strong interaction regimes. In a weak interaction regime, we show that the Coulomb interaction-induced AB effect is characterized by a charge susceptibility of the RQD. In contrast, for a strong interaction regime, the Coulomb interaction-induced AB effect is not characterized by a charge susceptibility of the RQD due to many-body correlation effect. Moreover, we show that around the particle-hole symmetric point, there exists the region where the visibility of Coulomb interaction-induced AB oscillations is much higher than that of original AB oscillations in the ABI. At the infinitely strong interdot Coulomb interaction, when the two QD energy levels are equal, we discuss the QD energy level dependence and investigate the power-law behavior of visibility when the QD energy level is very far from the Fermi level.
The outline of this paper is as follows. In Sec. II, we introduce a microscopic model
Hamiltonian for an ABI containing a QD and a remote system with a RQD. Those two QDs are capacitively coupled, while no tunnel coupling exists. In Sec. III, we provide the theoretical formulation to calculate the AB oscillations in the linear conductance through the RQD and its visibility. In particular, we employ the second-order perturbation theory in a weak interaction regime (V C ≪ Γ) and the decoupling approximatetion in the equation of motion approach for a strong interaction regime (V C ≥ Γ), respectively. Here V C and Γ are the interdot Coulomb interaction strength and coupling strength between the QD and reservoirs, respectively. In Sec. IV, we examine the Coulomb interaction-induced AB oscillations in the linear conductance through the RQD and the interdot Coulomb interaction dependences of the visibility both in weak and strong interaction regimes. Section V summarizes our results. In Appendix A, we calculate the retarded Green's functions of the QDs using the perturbation theory for weak interaction regime. In Appendix B, according to the decoupling scheme by Ref. 8 , we estimate the self-energy by the higher-order correlation between the QD and the reservoir in the strong interaction regime. In Appendix C, we discuss the phase of AB oscillations in the unperturbed population of the QD embedded in the ABI. We investigate the asymptotic behaviors of the visibility in |ǫ 0 | ≫ Γ at an infinitely large V C in Appendix D. In Appendix E, the QD energy dependence of the visibility near the Fermi level is shown.
II. MODEL
We consider an ABI containing a QD which capacitively couples to a RQD as shown in Fig. 1 We consider the linear conductance through the ABI given by
Similarly, the linear conductance through the RQD is given by
In the following, we choose the Fermi energy as the origin of energy. Here
, and T r = 4x/(1 + x) 2 is the transmission probability for the direct transmission between the two reservoirs S and D. We assumed that the temperatures of four reservoirs are
are the Fourier transform of the single-particle retarded Green's functions of the QD embedded in the ABI and the RQD, respectively,
As seen in the next section, the retarded Green's function of the RQD depends on the AB phase φ via the Coulomb interaction between the RQD and the QD embedded in the ABI and thus from Eq. (5) the linear conductance through the RQD depends on the AB phase φ. This is the origin of the Coulomb interaction-induced AB oscillations. The visibility of the oscillations in the linear conductance through the ABI (RQD) is defined as
B. Green's functions
Here we calculate the Green's function to estimate the transport properties discussed in the previous section.
Weak interaction regime
Here we consdier the weak interaction regime, namely V C ≪ Γ d(AB) . We employ the perturbation theory with respect to V C . Within the second-order perturbation theory, the single-particle retarded Green's function is given by
where the unperturbed retarded Green's function g 
Strong interaction regime
Here we consider the strong interaction regime, namely V C ≫ Γ d(AB) . We employ the decoupling approximation in the equation of motion (EOM) for the retarded Green's function 7, 8 .
where the two-particle retarded Green's function is defined as
and
From the EOM for
Using the Fourier transformation, Eq. (10) becomes
Here the non-interacting tunneling retarded self-energy is given by
where g r ν R k R (ǫ) is the retarded Green's function of an isolated reservoir ν R . Similarly, we can
where the new retarded Green's functions are defined as
We use the following decoupling scheme by Ref.
and Γ
3,νk (t, t ′ ) = 0. Using the Fourier transformation, we have
From Eqs. (10) and (21)
Similarly, we can calculate the retarded Green's function of the QD embedded in the ABI
These retarded Green's functions include the population of two QDs. In equilibrium, we can use the fluctuation-dissipation theorem,
to obtain a closed form for the population n d(AB) , and thus we can determine the retarded As a result, the retarded Green's function of the RQD is given by
where Ω d is a pure imaginary additional energy given by
Here a νk † (t)c AB (t) can be estimated by the fluctuation-dissipation theorem
However, as shown in Appendix B, we find that Ω d = 0, in our model. Therefore, the two decoupling schemes by Refs. 7 and 8 give the same results. Similarly, using the decoupling scheme by Ref. 8 , the retarded Green's function of the QD embedded in the ABI is equivalent to Eq. (23).
IV. COULOMB INTERACTION-INDUCED AHARONOV-BOHM OSCILLA-TIONS
In the following, we focus on the situation when
and T = 0. Here we discuss the induced AB oscillations in two regimes using the formulation in the previous section.
A. Weak interaction regime
We plot the interaction dependences of the induced AB oscillations in Fig. 2 To understand the origin of the induced AB oscillations, we consider the linear conductance through the RQD to the first-order of V C and G RQD (φ) is given by
where g 0 is the linear conductance through the RQD without V C given by
and the AB flux dependence of the linear conductance through the RQD only appears in an unperturbed population n AB 0 (φ) defined in Eq. (A10). As shown in Fig. 2 since the unperturbed population n AB 0 (φ) has a peak at φ = 0 as proven in Appendix C (see Fig. 2(b) ).
Within the second-order perturbation theory, we plot the interaction dependence of the fixed V C as shown in Fig. 3(c) . For ǫ 0 = 0, the first-order contribution vanishes and thus the visibility increases parabolically with respect to V C . We find that the visibility increases with |ǫ 0 | when the energy level is close to the Fermi level (ǫ 0 = 0).
In the previous study 14 , using the nonequilibrium second-order perturbation theory for V C , we investigated the backaction dephasing by the QD detector. The backaction dephasing rate is defined as the imaginary part of the retarded self-energy given in Eq. (A1). In Ref.
14, we clarified that the origin of the backaction by the QD detector is its charge noise.
Unlike the formulation of present paper, we had compensated the energy level shift by the real part of the self-energy to discuss only the backaction dephasing. In the previous study, we had discussed the visibility of AB oscillations in the linear conductance in the measured system (ABI). In this paper, in contrast, we focus on the visibility of oscillations in the linear conductance through the RQD corresponding to the QD detector. 
B. Strong interaction regime
In Fig. 4(a) , we plot the numerical results for the QD energy dependence of the visibility when V C / Γ = 50. At ǫ 0 = 0 and ǫ 0 = −V C , the visibility vanishes since the linear conductance through the RQD is G RQD = e 2 /h which is independent of the AB phase from Eqs. (5) and (22). This result at zero temperature is very special and the visibility at ǫ 0 and ǫ 0 = −V C is non-zero in finite temperatures. Surprisingly, around the particlehole symmetric point ǫ 0 = −V C /2, the visibility of remote system becomes 1 although the visibility of original AB oscillation in the ABI is quite low as shown in Fig. 4(b) . The visibility becomes 1 when the minimum value of G RQD is equal to zero, namely from Eqs. (5) and (22), we find that G RQD = 0 when ǫ 0 = −V C (1 − n AB ). Near the particle-hole symmetric point ǫ 0 = −V C /2, we have n AB ≃ 1/2. As a result, for ǫ 0 ≃ −V C /2, the visibility reaches 1. Without Coulomb interaction, the visibility of AB oscillation in the ABI has a double peak near the Fermi level (ǫ 0 = 0) as shown in Fig. 4(b) (thin dashedline). It is well-known that the transmission probability through the ABI can be 0 due to the Fano anti-resonance 10, 15, 16 . As a result, the conductance through the ABI becomes zero at this resonance. Thus, the peak height of the double peak in the visibility is 1. In contrast, for finite Coulomb interaction (V C / Γ = 50), the peak height of the double peak is less than 1 and the visibility decreases because of the Coulomb interaction effect (solid line in Fig.   4(b) ). In Fig. 4(c) , we show the QD energy level dependences of the visibility when V C is infinitely large. When |ǫ 0 | is much larger than Γ, the visibility shows the power-law behavior of ǫ 0 −2 for ǫ 0 > 0 and |ǫ 0 | −1 for ǫ 0 < 0. In Fig. 4 (d) , we show the log-log plot of Fig. 4 (c).
We find that the slope of η for ǫ 0 > 0 is −2 and that of η for ǫ 0 < 0 is −1 in the region of
The visibility has two peaks as a function of QD energy level ǫ 0 since the visibility is zero at ǫ 0 = 0. Near ǫ 0 = 0, the visibility shows the power-law behavior of ǫ 0 2 as discussed in Appendix E. This behavior is clearly different from the linear dependence for ǫ 0 near the Fermi level characterized by the charge susceptibility found in the weak interaction regime.
Thus, in the strong correlation limit, the Coulomb interaction-induced AB oscillation does not relate with the charge susceptibility of the RQD.
Even in the strong interaction limit, we have the finite visibility of AB oscillations in the linear conductance through the ABI. Although the QD in the ABI strongly couples to the RQD which could play a role of the charge detector, the coherence in the ABI remains finite since the detector resolution of RQD is very low at very low source-drain bias voltage (V SD ≃ 0, namely linear response regime) and the RQD cannot accurately measure the charge of QD in the ABI. As a result, quantum interference effect remains since we cannot determine which path the electron goes through.
V. SUMMARY
To summarize, we have studied the Coulomb interaction-induced AB oscillations in the transport through a RQD which is capacitively coupled to the QD embedded in an ABI. In particular, in a weak interaction regime, we have shown that the charge susceptibility of the RQD characterizes the Coulomb interaction-induced AB oscillations. The visibility increases linearly with respect to the interdot Coulomb interaction except when the QD energy level align the Fermi level (ǫ 0 = 0). For ǫ 0 = 0, the visibility shows the parabolic dependence on V C . In a strong but finite interaction regime, around the particle-hole symmetric point, there exists the region where the visibility of Coulomb interaction-induced AB oscillation is much higher than that of original AB oscillations in the ABI. In the strong interaction limit, when ǫ 0 ≫ Γ, the visibility shows the power-law behavior of ǫ 0 −2 . While for sufficiently negative ǫ 0 , the visibility shows the power-law behavior of |ǫ 0 | −1 . Moreover, the visibility has two peaks as a function of QD energy level ǫ 0 since the visibility is zero at ǫ 0 = 0. Near the Fermi level, the visibility shows the power-law behavior of ǫ 0 2 .
Within the second-order perturbation theory, the Feynman diagram for the retarded self-energy is shown Fig. 5 , and its expression is given by
Similarly, the retarded self-energy Σ r AB (ǫ, φ) is given by
and the unperturbed population is
Appendix B: Calculation of additional self-energy Ω d
To evaluate the additional self-energy Ω d defined as 
where
Using the same decoupling scheme as Ref. 8 , we obtain
After Fourier transform, the EOM of
To estimate this, we consider the EOM of G r ν ′ k ′ ,νk (t, t ′ ). After Fourier transform, we obtain
Thus, we have
Here we use the relation
Finally we obtain
Similarly, from the EOM for G r νk,AB (ǫ), we obtain
Using the above results, the additional self-energy Ω d is 
Then, the coupled equations for positive ǫ 0 become
The solution of these coupled equations is
both of which are much smaller than 1.
Next, we evaluate the AB modulation amplitude δ of n AB . For positive ǫ 0 , similar approach as in the previous discussion, we have
Since the AB phase modulation amplitude of n d is much smaller than 1, we neglect this dependence and hence
where we also assumed that ǫ 0 ≫ γ a . Therefore, we have 
which should be equal to n AB π/2 +δ cos φ. Here we introduced α ≡ γa 2
(1− n d ). Therefore, solving for δ, we have
where λ a ≡Γ AB /(2π|ǫ 0 |) and λ d ≡ Γ d /(2π|ǫ 0 |). The required condition |δ| ≪ 1 − n AB π/2 , n AB π/2 may be satisfied forΓ AB ∼ Γ d .
Putting these results, the visibility becomes for positive ǫ 0 ,
Similarly, for negative ǫ 0 , we obtain η ∼ 2(1 + λ a n AB π/2 ) 1 − n AB π/2
These behaviors are consistent with the numerical results as shown in Fig. 4 (c) and (d).
